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The Gauss-Bonnet-Grotemeyer Theorem in spaces of
constant curvature ∗
Eric L. Grinberg and Haizhong Li
Abstract
In 1963, K.P. Grotemeyer proved an interesting variant of the Gauss-Bonnet The-
orem. Let M be an oriented closed surface in the Euclidean space R3 with Euler
characteristic χ(M), Gauss curvature G and unit normal vector field ~n. Grote-
meyer’s identity replaces the Gauss-Bonnet integrand G by the normal moment
(~a · ~n)2G, where a is a fixed unit vector: ∫
M
(~a · ~n)2Gdv = 2pi3 χ(M) . We generalize
Grotemeyer’s result to oriented closed even-dimesional hypersurfaces of dimension
n in an (n+ 1)-dimensional space form Nn+1(k).
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1. Introduction
In 1963, K.P. Grotemeyer proved the following interesting result:
Theorem 1 [Gr]) Let M be an oriented closed surface in 3-dimensional Euclidean space
R
3 with Gauss curvature G and a unit normal vector field ~n. Then for any fixed unit
vector ~a in R3, we have ∫
M
(~a · ~n)2Gdv = 2π
3
χ(M), (1.1)
where ~a · ~n denotes the inner product of ~a and ~n, χ(M) is the Euler characteristic of M .
Remark 1.1 Let {E1, E2, E3} be a fixed orthogonal frame in R3 and choose ~a = Ei. We
have
∫
M
(Ei · ~n)2Gdv = 2π
3
χ(M), i = 1, 2, 3 (1.2)
∗The project is partially supported by the grant No. 10531090 of NSFC.
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Noting that
∑
i
(Ei · ~n)(Ei · ~n) = ~n · ~n = 1, we obtain the following Gauss-Bonnet formula
via summation of (1.2) over i from 1 to 3:
Corollary 1(Gauss-Bonnet Theorem). Under the same hypothesis of Theorem 1, we have
∫
M
Gdv = 2πχ(M). (1.3)
Thus we can consider Grotemeyer’s Theorem 1 as an extended form of the Gauss-Bonnet
Theorem.
Let n be even and let Nn+1(k) be an (n+1)-dimensional simply connected Riemannian
manifold of constant sectional curvature k. That is, Nn+1(k) = Rn+1 if k = 0; Nn+1(k) =
Sn+1( 1√
k
), an (n + 1)-dimensional sphere space with radius 1√
k
if k > 0; Nn+1(k) =
Hn+1(− 1√−k), an (n + 1)-dimensional hyperbolic space with, as Bolyai would say, radius√−1/√k if k < 0. We will often call Nn+1(k) a space form. We will view Nn+1(k) as
standardly imbedded in an appropriate linear space Ln+1(k) (R
n+2 if k > 0, Rn+1,1 if
k < 0 and Rn+1 if k = 0).
This will enable us to define functions on M such as (~a · ~n), where ~a is a fixed vector
in the ambient linear space, ~n is a normal vector field on M , and ( · ) denotes the inner
product on the ambient linear space. The generalized Grotemeyer Theorem we have in
mind can be stated as as follows:
Theorem 2 Let n even, n ≥ 2. Let ~x : M → Nn+1(k) be an immersed n-dimensional
oriented closed hypersurface in the (n + 1)-dimensional space form Nn+1(k), with Euler
characteristic χ(M),Gauss-Kronecker curvature G and unit normal vector field ~n. Assume
that Nn+1(k) is standardly imbedded in the linear space Ln+1(k). Then for any fixed unit
vector ~a in Ln+1(k) we have
∫
M
(~a · ~n)2Gdv = 1
n+1
[volS
n(1)
2
χ(M)−∑i ciki ∫M Kn−2idv]
+ k
n+1
∫
M
(~a · ~n)(~a · ~x)Kn−1dv − kn+1
∫
M
(~a · ~x)2Gdv, (1.4)
where the ci are constants that depend only on the dimension n and Ki is the i-th mean
curvature of M .
In the case n = 2 in the Theorem above, we obtain
Corollary 2 Let M be an oriented closed surface in the 3-dimensional space form N3(k)
with extrinsic curvature G and unit normal vector field ~n. Then for any fixed unit vector
~a in the linear space L3(k) we have
∫
M
(~a · ~n)2Gdv = 2pi
3
χ(M)− k
3
vol(M)
+k
3
∫
M
(~a · ~n)(~a · ~x)K1dv − k3
∫
M
(~a · ~x)2Gdv, (1.5)
where K1 is the mean curvature of M and χ(M) is the Euler characteristic of M .
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Remark 1.2 Our Corollary reduces to Grotemeyer’s original theorem in the case k = 0.
Remark 1.3 In the case k = 0 and n ≥ 3, Theorem 2 was proved by B. -Y. Chen in [Ch]
by a different method.
Remark 1.4. We can recover the standard Gauss-Bonnet Theorem from our Theorem
as follows. Let m be the dimension of the linear space Ln+1(k). (Thus m = n + 1 in the
flat case, m = n+ 2 in the positive and negatively curved cases.) Let {E1, · · · , Em} be a
fixed orthonormal frame in Ln+1(k); choose ~a = Ei. Then
∫
M
(Ei · ~n)2Gdv = 1n+1 [volS
n(1)
2
x(M)−∑i ciki ∫M Kn−2idv]
+ k
n+1
∫
M
(Ei · ~n)(Ei · x)Kn−1dv
− k
n+1
∫
M
G(Ei · x)2dv, (i = 1, 2, . . .)
(1.6)
Noting
∑
i
(Ei · ~n)(Ei · ~n) = ~n · ~n = 1 and
∑
i(Ei · ~n)(Ei · x) = ~n · x = 0, we obtain the
following Gauss-Bonnet formula by summing of (1.6) over all appropriate i:
Corollary 3 (Gauss-Bonnet Theorem). Under the same hypothesis of Theorem 2, we
have
∫
M
Gdv =
volSn(1)
2
χ(M)−
∑
i
cik
i
∫
M
Kn−2idv (1.7)
where χ(M) is the Euler characteristic of M , constants ci depends only on dimension n,
and Ki is the i-th mean curvature of M .
So we can view Theorem 2 as an extended form of the Gauss-Bonnet Theorem.
2. Reilly’s operator and its properties
In order to prove Theorem 2, we need to recall Reilly’s operator and its properties.
Let (M, g) be a closed n-dimensional Riemannian manifold, let {e1, · · · , en} be a local
orthonormal frame field in M with dual coframe field {θ1, · · · , θn}. Given a symmetric
tensor φ =
∑
i,j
φijθiθj defined on M we define a second order differential operator
✷ ≡ ✷φ : C∞(M)→ C∞(M), ✷f =
∑
i,j
φijfij (2.1)
where fij are the components of the second covariant differential of f , as follows:
df =
∑
i
fiθi, dfi +
∑
j
fjθji =
∑
j
fijθj , (2.2)
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where {θij} is the Levi-Civita connection of g.
For the following criterion for self adjointness of the of the operator ✷ see Cheng-Yau
[CY] or Li [L1],[L2].
Proposition 2.1 Let M be a closed orientable Riemannian manifold with symmetric
tensor φ =
∑
i,j
φijθiθj. Then ✷ is a selfadjoint operator if and only if
n∑
j=1
φij,j = 0, 1 ≤ i ≤ n. (2.3)
Here φij,k is the derivative of the tensor φij in the direction ek.
Remark 2.1 We call ✷ the Cheng-Yau operator. It was introduced by S.Y. Cheng and
S.T. Yau in 1977 [CY]. If φ =
∑
i,j
φijθiθj satisfies the Cheng-Yau condition (2.3), then
✷f =
∑
i,j
φijfij =
∑
i,j
(φijfi)j = div(φ∇f).
Let x : M → Nn+1(k) be an n-dimensional closed hypersurface in an (n + 1)-
dimensional space form of constant sectional curvature k. Let(hij) be the components
of the second fundamental form of M . We recall the Reilly operator, which is a second
order differential operator Lr : C
∞(M)→ C∞(M) defined by
Lrf =
∑
i,j
T rijfij , f ∈ C∞(M), (2.4)
where T rij is given by
T 0ij = δij, T
r
ij = Krδij −
∑
k
hikT
r−1
kj , r = 1, 2, · · · , n. (2.5)
(See Reilly [Re], Rosenberg [Ro] or Barbosa-Colares [BC].)
Denote the rth mean curvature of M by
Kr =
∑
i1<···<ir
ki1 · · ·kir , B = (hij) = (kiδij). (2.6)
We note that the Gauss-Kronecker curvature of M is G ≡ Kn.
Definition 2.1 ([Re]) The r-th Newton transformation, r ∈ {0, 1, · · · , n} is the linear
transformation
Tr = KrI −Kr−1B + · · ·+ (−1)rBr, (2.7)
i.e.,
T rij = Krδij −Kr−1hij + · · ·+ (−1)r
∑
j1,··· ,jr
hij1hj1j2 · · ·hjrj. (2.7)′
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If I ≡ i1, · · · , iq and J ≡ j1, · · · , jq are multi-indices of integers between 1 and n,
define
δJI =


1, if i1, · · · , iq are distinct and J is an even permutation of I
−1, if i1, · · · , iq are distinct and J is an odd permutation of I
0, otherwise.
Then we have (see Reilly [Re])
Kr =
1
r!
∑
δj1···jri1···ir hi1j1 · · ·hirjr . (2.8)
Proposition 2.2 The matrix of Tr is given by
T rij =
1
r!
∑
δj1···jrji1···iri hi1j1 · · ·hirjr . (2.9)
Proposition 2.3 For each r, we have
(1) div Tr =
∑
j
T rij,j = 0,
(2) Newton’s formula: trace(BTr) = (r + 1)Kr+1,
(3) trace(Tr) = (n− r)Kr
Proposition 2.4 Let ~x : M → Nn+1(k) be an n-dimensional hypersurface with unit
normal vector field ~n. Then we have
xi = ei, ~ni = −
∑
j
hijej , xij = hij~n− kxδij . (2.10)
Lrx = (r + 1)Kr+1~n− (n− r)kKrx, (2.11)
Proof. Let ~a be a fixed vector in Ln(k). Write
f = ~n · ~a, g = ~x · ~a. (2.12)
Then (2.11) is equivalent to
Lrg = (r + 1)Kr+1f − (n− r)kKrg. (2.11)′
Choosing an orthonormal frame {e1, · · · , en, ~n} and their dual frame {θ1, · · · , θn, θn+1}
along M in Nn+1(k), we have the structure equations
dx =
∑
i
θiei, dei =
∑
j
θijej +
∑
j
hijθj~n− kxθi, d~n = −
∑
i,j
hijθjei. (2.13)
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Here we have sometimes abbreviated ~x as merely x, for simplicity. By use of (2.13) and
through a direct calculation we get
gi = ei · ~a, gij = fhij − kgδij. (2.14)
By use of proposition 2.3 and (2.14), we get
Lrg =
∑
i,j
T rijgij =
∑
ij
T rijhijf − kg
∑
i,j
T rijδij = (r + 1)Kr+1f − k(n− r)gKr.
Thus we have proved (2.11)′, which is equivalent to (2.11).
Similarly, from definitions of fi, we get by use of (2.13)
fi = −
∑
j
hij (ej · ~a). (2.15)
Because ~a is arbitrary, we have proved (2.10) from (2.14) and (2.15).
Proposition 2.5 Let M be an n-dimensional oriented closed hypersurface in (n + 1)-
dimensional space form Nn+1(k). Then for any smooth functions f and g on M we have
∫
M
gLn−1fdv =
∫
M
fLn−1gdv,
∫
M
Ln−1fdv = 0. (2.16)
Proof. Choosing r = n−1 in (1) of proposition 2.3, and using the criteriorfrom propostion
2.1, we know that the operator Ln−1 is a selfadjoint operator. Thus we obtain (2.16).
Proposition 2.6 Let M be an n-dimensional hypersurface in (n + 1)-dimensional space
form Nn+1(k). Then we have
Gδij −
∑
k
hikT
n−1
kj = 0. (2.17)
Proof. Choosing r = n− 1 in (2.5) and noting that G = Kn, we have
T nij = Gδij −
∑
k
hikT
n−1
kj . (2.18)
From the definition of T nij in (2.9) and the definition of δ
j1···jnj
i1···ini , we have
T nij = 0. (2.19)
Now (2.17) follows from (2.18) and (2.19).
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3. Proof of Theorem 2
Proposition 3.1 Let x : M → Nn+1(k) be an n-dimensional oriented closed hypersurface
in (n + 1)-dimensional space form Nn+1(k). Assume M has Gauss-Kronecker curvature
G = Kn and a unit normal vector ~n. Then for any fixed unit vector ~a in Ln+1(k), we have
0 = (n +m)
∫
M
(~a · ~n)m+1Gdv −m ∫
M
(~a · ~n)m−1Gdv
− k ∫
M
(~a · ~n)m(~a · ~x)Kn−1dv +mk
∫
M
(~a · ~n)m−1(~a · ~x)2Gdv, (3.1)
where Kn−1 is the (n− 1)-th mean curvature of M .
Proof. Write
f = qmx, q = ~a · ~n. (3.2)
By definition of the first derivative and the second derivative of f (see (2.2)), we have
fi = (q
m)ix+ q
mxi, (3.3)
fij = (q
m)ijx+ (q
m)ixj + (q
m)jxi + q
mxij . (3.4)
By definition of operator Ln−1, we have
Ln−1(f) = xLn−1(q
m) + 2
∑
i,j
T n−1ij (q
m)ixj + q
mLn−1x. (3.5)
Let r = n− 1 in (2.11). We have
Ln−1x = nG~n− kKn−1x. (3.6)
By Proposition 2.5, (3.6), (2.10) and proposition 2.6, we get by integrating (3.5) over M
0 = 2
∫
M
qm(Ln−1x)dv + 2
∫
M
∑
i,j
T n−1ij (q
m)ixjdv
= 2
∫
M
qm(nG~n− kKn−1x)dv + 2
∫
M
∑
i,j,k
T n−1ij mq
m−1[−hik(~a · ek)]ejdv
= 2
∫
M
qm(nG~n− kKn−1x)dv − 2m
∫
M
qm−1G
∑
j
(~a · ej)ejdv
= 2
∫
M
qm(nG~n− kKn−1x)dv − 2m
∫
M
qm−1G[~a− (~a · ~n)~n− k(~a · ~x)~x]dv,
(3.7)
that is, we obtain for m = 1, 2, 3, · · ·
0 = (n+m)
∫
M
qmG~ndv −m ∫
M
qm−1G~adv
− k ∫
M
qmKn−1xdv +mk
∫
M
qm−1(x · ~a)Gxdv. (3.8)
Taking the scalar product of ~a with both sides of (3.8), we get Proposition 3.1.
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Remark 3.1 Equation (3.1) was proved by Bang-Yen Chen in the case k = 0 by a
different method.
Proof of Theorem 2 Choosing m = 1 in Proposition 3.1, we have
(n + 1)
∫
M
(~a · ~n)2Gdv = ∫
M
Gdv + k
∫
M
(~a · ~n)(~a · ~x)Kn−1dv
−k ∫
M
G(~a · ~x)2dv. (3.9)
Because M is a closed hypersurface in Nn+1(k), the Gauss-Bonnet Theorem states in this
case that ∫
M
Gdv =
volSn(1)
2
χ(M)−
∑
i
cik
i
∫
M
Kn−2idv, (3.10)
where χ(M) is the Euler characteristic of M , the constants ci depend only on dimension
n, and Ki is the i-th mean curvature of M . (See p. 1105 of [So]; c.f. [C1], [C2].) Inserting
(3.10) into (3.9), we have proved our Theorem 2. On the other hand, by choosing m = 0
in (3.1), we have
Corollary 3.1 (Bivens [Bi]) Let x : M → Nn+1(k) be an n-dimensional closed oriented
hypersurface in Nn+1(k). Then
∫
M
[n(~a · ~n)G− k(~a · ~x)Kn−1]dv = 0, (3.11)
where ~a is any fixed unit vector in the linear space Ln+1(k), G is the Gauss-Kronecker
curvature of M and Kn−1 is the (n− 1)-th mean curvature of M .
Remark 3.2 Write q = ~a · ~n, from Proposition 3.1, we have∫
M
qmGdv =
m− 1
n+m− 1[
∫
M
qm−2Gdv−k
∫
M
qm−2(x·~a)2Gdv+ k
m− 1
∫
M
qm−1(x·~a)Kn−1dv].
(3.12)
By a direct calculation using (3.12), (3.10) and Corollary 3.1, we obtain
Proposition 3.2 Let n and m be even. Under the same hypothesis of Proposition 3.1,
we have∫
M
qmGdv
= (m−1)(m−3)···1
(n+m−1)(n+m−3)···(n+1) [
volSn(1)
2
χ(M)−∑
i
cik
i
∫
M
Kn−2idv]
−k ∫
M
[ m−1
n+m−1q
m−2 + (m−1)(m−3)
(n+m−1)(n+m−3)q
m−4 + · · ·+ (m−1)(m−3)···1
(n+m−1)(n+m−3)···(n+1) ](~x · ~a)2Gdv
+k
∫
M
[ 1
n+m−1q
m−1 + m−1
(n+m−1)(n+m−3)q
m−3 + · · ·+ (m−1)(m−3)···3
(n+m−1)(n+m−3)···(n+1)q](~x · ~a)Kn−1dv.
(3.13)
Also, for n even and m odd, we have∫
M
qmGdv
= −k ∫
M
[ m−1
n+m−1q
m−2 + (m−1)(m−3)
(n+m−1)(n+m−3)q
m−4 + · · ·+ (m−1)(m−3)···2
(n+m−1)(n+m−3)···(n+2)q](~x · ~a)2Gdv
+k
∫
M
[ 1
n+m−1q
m−1 + m−1
(n+m−1)(n+m−3)q
m−3 + · · ·+ (m−1)(m−3)···2
(n+m−1)(n+m−3)···n ](~x · ~a)Kn−1dv.
(3.14)
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Note: In the case k = 0, Proposition 3.2 was proved by Bang-Yen Chen; see Theorem
2 in [Ch].
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